A unitary description for wobbling motion in even-even and even-odd nuclei is presented. In both cases compact formulas for wobbling frequencies are derived. The accuracy of the harmonic approximation is studied for the yrast as well as for the excited bands in the even-even case. Important results for the structure of the wave function and its behavior inside the two wells of the potential energy function corresponding to the Bargmann representation are pointed out. Applications to 158 Er and 163 Lu reveal a very good agreement with available data. Indeed, the yrast energy levels in the even-even case and the first four triaxial super-deformed bands, TSD1,TSD2,TSD3 and TSD4, are realistically described. Also, the results agree with the data for the E2 and M1 intra-as well as inter-band transitions. Perspectives for the formalism development and an extensive application to several nuclei from various regions of the nuclides chart are presented.
I. INTRODUCTION
Many collective properties of the low lying states are related to the quadrupole collective coordinates. The simplest phenomenological scheme of describing them is the liquid drop model (LD) proposed by Bohr and Mottelson [1] . Within the intrinsic frame of reference the liquid drop coordinates β, γ, Ω are described by a differential coupled equation from which one derives an uncoupled equation for the dynamical variable β [2, 3] . However, the rotational degrees of freedom, i.e. the Euler angles describing the position of the intrinsic frame with respect to the laboratory frame, and the variable γ, i.e. the deviation from the axial symmetry, are coupled together [3] . Under certain approximations [4] the equation describing the dynamic deformation γ is separated from the one associated to the rotational degrees of freedom. Recently many papers were devoted to the study of the resulting equation for the gamma variable [5] [6] [7] [8] [9] [10] as well as the associated symmetries. Naturally since most of nuclei are axially symmetric these type of nuclei were intensively studied by both experimentalists and theoreticians. However, the gamma degree of freedom is very important in determining many nuclear properties. This justifies the attention payed to the γ variable even in the early stage of nuclear structure [11, 13, 14] . An extensive study of the triaxial rotor and its coupling with the correlated individual degrees of freedom was achieved in Refs. [29] [30] [31] [32] [33] [34] .The existence of a γ deformed minimum in the potential energy surface leads to specific spectroscopic properties. One of the most exciting features of triaxial nuclei is their possible wobbling motion, which implies a precession of the total angular momentum combined with and oscillation of its projection on the quantization axis around a steady position. The first suggestion for a wobbling motion in nuclei was made by Bohr and Mottelson for high spin states in which the total angular momentum almost aligns to the principal axis with the largest moment of inertia, within the rotor model [35] . A fully microscopic description of the wobbling phenomenon was achieved by Marshalek in Ref. [36] . Since then a large volume of experimental as well as of theoretical results has been accumulated [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] . Experimentally, the wobbling states excited on the triaxial strongly deformed (TSD) bands are known not only in 163, 165, 167 Lu but also in 161 Lu and 167 Ta [55, 56] .
The main purpose of the present paper is to study the coupling of an individual nucleon to an even-even-core and apply the results to the description of the bands determined by the wobbling motion of the system. Aiming at a unified description of the wobbling motion in even-even and even-odd systems, we consider also the case of even-even nuclei. For this case the odd-spin sequence, belonging to the γ band, is also considered. Indeed, according to Ref. [59] such a set of spins cannot be distinguished from the wobbling states through the D 2 symmetry and therefore it is natural to treat them on equal footing. Although the even-even case was earlier treated in Ref. [60] , here we review the main ideas launched there and complete them with new theoretical results and numerical analysis.
The above sketched project will be accomplished in the following sections according to the following plan. In Section II the even-even system is treated. Quantitative comparison obtained in the quantum mechanical Hilbert space associated to the triaxial rotor, in the classical phase space and within the space spanned by the solutions of the Bargmann equation is presented. Numerical results for energies of the yrast states as well as of their electric and magnetic properties reflected in the E2, M1 transitions as well as in the electric quadrupole and magnetic dipole moments are presented for 158 Er. In Section III we treat an odd system consisting in a particle moving in a deformed mean-field and coupled to a triaxial rigid rotor. The system is dequantized via a variational principle and compact formulas for energies and reduced transition probabilities are derived. The numerical application refers to the isotope of 163 Lu and results are compared with the available data. Final conclusions are drawn in Section IV.
II. NEW RESULT FOR WOBBLING MOTION IN EVEN-EVEN NUCLEI
We suppose that some properties of triaxial nuclei can be quantitatively described by a triaxial rigid rotor. Therefore, we consider a triaxial rigid rotor with the moments of inertia I k , k=1,2,3, corresponding to the axes of the intrinsic frame, described by the Hamiltonian:
The angular momentum components are denoted byR k . This quantum mechanical object has been extensively studied in various contexts [12] , including that of nuclear physics [13] .
Indeed, in Ref. [13] , the authors noticed that there are some nuclei whose low lying excitations might be described by the eigenvalues of a rotor Hamiltonian with suitable choice for the moments of inertia. Since then, many extensions of the rotor picture have been considered.
We just mention few of them: particle-rotor model [14] , two rotors model [15] used for describing the scissors modes, the cranked triaxial rotor [16] . The extensions provide a simple description of the data but also lead to new findings like scissors mode [15] , finite magnetic bands, chiral symmetry [17] .
In principle it is easy to find the eigenvalues of H R by using a diagonalization procedure within a basis exhibiting the D 2 symmetry. However, when we restrict the considerations to the yrast band it is by far more convenient to use a closed expression for the excitation energies.
We suppose that a certain class of properties of the Hamiltonian H R can be obtained by solving the time dependent equations provided by the variational principle:
If the trial function |ψ(z) spans the whole Hilbert space of the wave functions describing the system, solving the equations provided by the variational principle is equivalent to solving the Schrödinger equation associated to H R . Here we restrict the Hilbert space to the subspace spanned by the the variational state:
where z is a complex number depending on time and |IMK denotes the eigenstates of the angular momentum operatorsR 2 , R z andR 3 with R z denoting the angular momentum projection on the OZ axis of the laboratory frame. N is a factor which assures that the function |ψ is normalized to unity:
R − denotes the lowering operator which for the intrinsic components is :
The function (2.3) is a coherent state for the group SU(2) [18] , generated by the angular momentum components, and is suitable for the description of the classical features of the rotational degrees of freedom. Due to the supercompletness property, the variational state comprises all basis vectors spanning the Hilbert space. Actually this is the feature which assures a good approach to the eigenfunctions of H. As a matter of fact this will be concretely checked out within the present section.
A. Canonical conjugate coordinates
The averages of H R and the time derivative operator with the function (2.3), have the expressions:
Denoting the average of H R by H, the time dependent variational equation yields:
In terms of the polar coordinate ( z = ρe iϕ ), the equations of motion become:
The pair of conjugate variables which brings the classical equations of motion in the canonical
Hamilton form is (r, ϕ) with r having the expression:
Indeed, in the new variables the equations of motion are:
Accordingly, ϕ and r play the role of generalized coordinate and momentum respectively.
The classical energy function acquires the expression:
Averaging the angular momentum components with the function |ψ(z) one obtains:
Another pair of canonically conjugate coordinates is:
Indeed, their equations of motion are:
Taking the Poisson bracket defined in terms of the new conjugate coordinates one finds:
Therefore the angular momentum components form a classical algebra, SU(2) cl , with the inner product {, }. The correspondence
is an isomorphism of SU (2) The classical trajectories are quantized by changing the real conjugate variables to a pair of complex canonical conjugate variables and then identifying these with a pair of a creation and a annihilation boson operator, respectively. According to the Darboux theorem [19] , the pair of canonical complex coordinate is not unique. Moreover, the quoted theorem provides a recipe for finding new pairs of conjugate variables. For the case treated here, we suggested four pairs of canonical complex coordinates [60] . For the present goals we mention only two of them, namely those which by quantization lead to the well known Holstein-Primakoff and Dyson boson representation (alternatively called as boson expansion) of the quantum angular momentum algebra.
To begin with, let us consider the average of the angular momentum components, expressed in terms of the variables (ϕ, r):
B. Complex coordinates and their quantization
The Poisson bracket associated to any two complex functions defined on the classical phase space is defined by:
With this definition the equations of motion of the classical coordinates may be written as::
The classical angular momentum components satisfy the equations:
The functions J cl ± , J cl 3 with the inner product defined by the Poisson brackets, generate a classical algebra which will be denoted by SU cl (2).
C. Holstein-Primakoff boson expansion
Let us consider the complex coordinate 21) and denote by C * the corresponding complex conjugate variable. They obey the equations:
These equations suggest that the complex coordinates are of canonical type. To quantize the classical phase space means to achieve a homeomorphism between the algebra of the C, C * complex functions, with the multiplication operation {, } and the algebra of the boson operators a, a † , with the commutator as inner multiplier:
The quantization of an arbitrary function f (C, C * ) is performed by replacing C and C * by the operators a and a † , respectively. Concerning the terms containing mixed products of C and C * , these must be symmetrized first and then the complex coordinates be replaced by the boson operators. The simplest example is the angular momentum components which after quantization become:Ĵ
One can check that these boson operators obey the specific commutation relations of the intrinsic angular momentum components and, consequently, generate an SU(2) algebra which hereafter will be denoted by SU b (2). The product of the two successive homeomorphisms:
is a homeomorphism SU(2) → SU b (2) which, in fact, is the boson representation of the angular momentum algebra. The equations (2.24) are known under the name of Holstein and Primakoff boson expansion (HP) for the angular momentum components [20] .
D. Dyson boson expansion
The pair of canonical complex variables which generates the Dyson's boson expansion (D)
for the angular momentum is.
Indeed, their Poisson bracket is:
In the next step, the complex coordinates are quantized
Note that while the HP expansion preserves the hermiticity property, the D expansion does not have such a virtue. , I) a maximum.
The second order expansion for H(r, ϕ) around the minimum point, yields:
This equation describes an oscillator with the frequency:
This frequency is associated to the precession motion of the angular momentum around the OX axis. In our description, the yrast band energies are, therefore, given by: 
In this way the eigenvalue equation of H † D is transformed into a differential equation:
It can be easily proved that this equation can be brought to the algebraic form of the Lamé equation [26, 27] . Performing now the change of function and variable: 
with
The considered ordering for the moments of inertia is such that k > 1. Under this circumstance the potential V (t) has two minima for x = ± √ 2I, and a maximum for x=0.
The minimum value for the potential energy is:
Note that the potential is symmetric in the variable x. Due to this feature the potential behavior around the two minima are identical. To illustrate the potential behavior around its minima we make the option for the minimum x = √ 2I. To this value of x it corresponds, t = 0. Expanding V (t) around t = 0 and truncating the expansion at second order we obtain:
Inserting this expansion in Eq.(2.37), one arrives at a Schrödinger equation for an oscillator.
The eigenvalues are
The quantized Hamiltonian associated to H, i.e. H † D , has an eigenvalue which is obtained from the above expression. The final result is:
where
defines the wobbling frequency of the angular momentum.
The Bargmann representation of the angular momentum components is obtained by inserting the correspondence (2.33) into the Dyson boson expansion. The result is:
From these expressions one may derive the angular momentum component I 1 , which may be further averaged with the wave function provided by the Schrodinger equation for a given value of I. As a result one obtains a maximal value (= I), which in fact confirms the result we got at the classical level.
It is instructive to compare the K-amplitudes of the yrast states obtained through diagonalization, A diag K , and those corresponding to the coherent state (2.3) considered in the minimum point (ϕ, r) = (0, I) for I=20. The latter function can be written in a different form:
The two sets of amplitudes were plotted in Fig. 1 , from where we see that the two functions have a similar K dependence. The small difference is caused by the fact that diagonalization provides non-vanishing amplitudes only for K = even, while the coherent state comprises all K-components. The former state is degenerate with the second yrast state which has only K = odd components. Combining the two degenerate functions to a normalized function, the K-distribution of the new function is almost identical to that of |Φ IM . 
G. Transition probabilities
The transition operators for electric quadrupole and magnetic dipole transitions are:
Here Z and R 0 denote the nuclear charge and radius respectively, while D I M K stands for the Wigner function describing the rotation matrix, µ N is the nuclear magneton and e ef f -the effective charge. β is the nuclear deformation and γ represents the nuclear shape deviation from the axial symmetry. They are not dynamic variables but real numbers fixed in the manner described in the next sub-section.
When the intra-band transition is concerned, the initial and final states of the yrast band are described by the function defined in Eq. (2.45). Since the one phonon operator of the yrast band is associated with the quantas in the parameter space, it commutes with the transition operator and moreover gives zero when acts on the final yrast state, unless this deviates from (2.45) due to parameter fluctuations. The normalized first order expansion of Ψ around Φ is:
Here a † I denotes the creation operator for a wobbling quanta on the top of the yrast state of angular momentum I. The corresponding vacuum state is |0 I . The canonical transformation relating the conjugate coordinate and momentum with the creation and annihilation operators depend on the parameter α I having the expression:
For what follows we introduce the following notation for a wobbling multi-phonon state:
The quadrupole transition amplitude is given by the reduced matrix element which, in the Rose's convention, is:
The reduced transition probability is readily obtained:
The transition amplitude (2.50) can be also used to calculate the quadrupole moment of an yrast state of angular momentum I:
The magnetic properties were studied with the dipole transition operator defined by Eq.(2.46). The result for the magnetic dipole moment for an yrast state I is:
where the standard notation, µ N , for the nuclear magneton has been used.
These expressions for the electric and magnetic transition operator matrix elements will be used in the next subsection to calculate the corresponding observables for the case of 158 Er.
H. Numerical analysis
Here we address the issue of how do the results obtained through diagonalization, by solving the Schrödinger equation and by the harmonic approximation leading to the wobbling motion of the angular momentum respectively, compare with each other. Since this analysis has a pure pedagogical character, we chose for the moments of inertia arbitrary values: . However, when we aim to describe the experimental energies, a fitting procedure for the moments of inertia will be adopted. The variable x from the Bargmann representation of the rotor Hamiltonian is defined in the interval (−∞, +∞), while the current variable t entering the Schrödinger equation is restricted in a finite interval which is close to [−1.5, +1.5]. The connection of the two variable is established by the relation (2.36) and visualized in figures 2 and 3 for I=6. In Ref. [60] , the potential energy was considered as function of x , while here its dependence on the variable t is represented in Fig. 3 , also for I=6. If one calculates the average of R 1 with trial function |ψ(z) and the result is considered in the two potential minima one obtains that R 1 = ±I. This shows that in one minimum the system rotates corresponding to F n and F n+1 are degenerate, then the states described by F n + F n+1 and F n − F n+1 are also degenerate and localized each in a separate well. For an I running from zero to I max , the lowest two eigenstates of the Schrödinger equation for each I form two degenerate bands, one localized inside the well corresponding to the positive minimum and one in the well associated to the negative minimum. The same is also true for the next two degenerate bands and so on. In Fig. 8 we compare the yrast energies provided by the three methods: diagonalization, solving the Schrödinger equation and by the wobbling energy formula (2.43). We notice that the three sets of energies are almost equal to each other the maximal deviations being less that 5 keV. It is known that for triaxial nuclei, i.e. when the three moments of inertia are all different, the projection of R on the OZ axis is not a good quantum number. The present result shows that the coherent states we used as trial function is an optimal mixture of the K components to approximate the exact wavefunction.
Also the wobbling approximation of the yrast energies describes very well the exact solution of the Schrödinger equation.
The diagonalization procedure provides the wave functions corresponding to the (2J+1) with the wobbling formula (2.43). We notice that the wobbling frequency depends almost linearly on the angular momentum I. This dependence can be seen in Fig.15 . Details about fixing the moments of inertia are as follows. The expression for the yrast energies can be put in a more suitable form: 55) with the evident notations: Fig. 15 as function of I. One notice that the wobbling frequency depends almost linearly on the angular momentum I. In order to calculate the transition probabilities we need to fix the deformations β and γ. For the case of 158 Er the nuclear quadrupole deformation is taken equal to 0.203 [28] , while γ is considered to be a free parameter. Within a more consistent formalism, γ would be a dynamical variable.
However in our formalism the model states for the wobbling levels do not depend on γ, which suggests to take for γ a rigid value, which hereafter will be denoted by γ 0 . Actually its constant value was fixed so that the experimental B(E2) value for a particular transition is reproduced. Thus, we arrived at γ 0 = 12 0 . Having a rigid character, γ is spin independent. Such a behavior is at variance with the microscopic description which studied the shape dependence on angular momentum [37] [38] [39] . For example Ref. [39] pointed out that in 158 Er, approaching the band termination the states collectivity decreases which might be caused by the fact that the corresponding shape is almost oblate. Also, the coupling with two or four quasiparticle states may lead to discontinuities in the yrast spectrum [37, 40] . Combination of the single particle level crossing effect and the prolate-oblate competition was accounted for in Ref. [38] and a prolate-oblate shape coexistence was pointed out for high spins. Similar result was obtained in Ref. [41] when the rotation axis coincides with one principal axis. However, when the rotational axis changes the direction the higher energy minimum becomes a saddle point.
As shown in Ref. [57] the soft gamma shape is a favored shape at low spins, while in the high-spin region the alignment induced by rotation brings the system to an oblate shape. In the transitional region a triaxial shape shows up. The authors arrived at this conclusion by analyzing both the even-odd staggering of the energy levels and the quadrupole transition probabilities. Although the proposed phenomenological formalism is very simple, it accounts for the main features of the energy spectrum and B(E2) values. Indeed, if in our minimum χ 2 calculations for energies we considered moments of inertia as given by the hydrodynamical model
the variational parameters would be J 0 and γ. One finds out that χ 2 has two flat minima, γ 1 = 0 and γ 2 = π. These are critical points for the transitions from an axial symmetric to a non-axial symmetric shape and from a prolate to an oblate shape, respectively. In the transitional region the triaxial shapes are all along present. Also, as already mentioned the available data for transition probabilities are reasonable well described by a small γ 0 .
Results for transition probabilities and moments are obtained with an effective charge e ef f = 1.4e and collected in Table I . The agreement with the corresponding experimental data for the B(E2) values is good.
III. DESCRIPTION OF THE WOBBLING MOTION IN EVEN-ODD NUCLEI
We suppose that the odd-mass nuclear system consists of an even-even core described by a triaxial rotor Hamiltonian and a single j-shell particle moving in a quadrupole deformed mean-field:
It is convenient to express the rotor Hamiltonian in terms of the total angular momentum I and the angular momentum carried by the odd particle:
Where A k are expressed in terms of the moments of inertia associated to the principal axes of the inertia ellipsoid as:
In what follows, the moments of inertia are taken as given by the rigid-body model in the Lund convention:
To the total Hamiltonian
we associate the time dependent variational equation 6) where the trial function is chosen as:
withÎ − andĵ − denoting the lowering operators for the intrinsic angular momenta I and j respectively, while N is the normalization factor having the expression:
The variables z and s are complex functions of time and play the role of classical phase space coordinates describing the motion of the core and the odd particle, respectively:
The variables (ϕ, r) and (ψ, t) with r and t defined as: 10) bring the classical equations, provided by the variational principle, to the canonical form:
where H denotes the average of H (Eq.3.5) with the function |Ψ and has the expression:
From Eq.(3.11) we see that the angles ϕ and ψ play the role of generalized coordinates while r and t are the corresponding conjugate momenta. Looking for the extremal points of the energy surface H = const, one finds out that the point (ϕ, r; ψ, t) = (0, I; 0, j) is a minimum point for the classical energy function. Aiming at a compact expression for the equations to be used in what follows, it is convenient to introduce the notations:
Performing a linear expansion in the left hand side of Eq.(3.11), around the mentioned minimum point of H, one finds: 14) where the deviation of the current variables from the corresponding minimum value is denoted with a similar symbol but accompanied by ′. The matrices A and B are given explicitly in Appendix A.
It is useful to express the equations (3.14) in terms of the complex coordinates:
Further, we determine the complex variable 16) such that the following equations are fulfilled:
with {, } denoting the Poisson bracket. The first equation (3.17) leads to a homogeneous system of linear equations of random phase approximation (RPA) type:
These equations determine the amplitudes R and S up to a multiplicative constant which is fixed by the second relation of (3.17). The compatibility condition for this system of homogeneous equations yields the equation for Ω:
where the coefficients B and C are given by
There exists a certain interval for the parameters to be fixed, where Eq.(3.19) admits two real and positive solutions:
Finally, the semiclassical eigenvalues of H (3.5) are given by:
A. An alternative description
Here we present a slightly different method to derive analytical expression for the wobbling frequency of the even-odd system , which are easier to be manipulated in the fitting calculations for the experimental data. We start by expanding the classical energy function around the minimum point, in the second order of approximation:
If one ignores the coupling terms, the remaining Hamiltonian describes two uncoupled oscillators whose frequencies are:
Now, we proceed to treat the coupling terms. To this goal we quantize the classical coordinates:
The corresponding creation and annihilation operators are defined by:
where the canonicity factors k and k' are chosen such that the uncoupled oscillator Hamiltonian be diagonal, with the result:
The quantized Hamiltonian looks like:
The equations of motion for the creation and annihilation operators are:
Now, we define the phonon operator
where the amplitudes X and Y are determined such that the following restrictions are fulfilled: 
while the first one provides a homogeneous system of linear equations for the phonon amplitudes. The compatibility condition can be written either under the form of a dispersion equation:
or as an algebraic equation:
The energies to be used for describing the experimental data are:
One may prove analytically that the algebraic equations (3.19) and (3.35) are identical, which is induced by the fact that B ′ = B and C ′ = C. However, the present form is more suitable for practical purposes. In what follows we shall refer to a given state by mentioning the specific quantum numbers, i.e. (I, j, n 1 , n 2 ). The amplitudes of the phonon operator involved in Eq.(3.31) are analytically given in Appendic B.
B. Numerical analysis
Energies
The formalism of this Section was used to describe the triaxial super-deformed (TSD) bands TSD1, TSD2, TSD3 and TSD4 in 163 Lu. Experimental excitation energies were taken from Ref. [51, 52] . Since the first three mentioned bands are of positive parity, while the last one of negative parity we assume for the single particle j shells, the states πi 13/2 and πh 9/2 , respectively. The choice is suggested by the negative parity orbital which might be occupied by the odd proton, in the spherical shell model. Moreover, as shown in Ref. [51] , a detailed analysis leads to a negative parity assignment for the band TSD4.
It is worth mentioning the fact that we also made the calculations with the option (πh 11/2 , 2, 0) for the TSD4, but despite the fact that this configuration would allow a B(E1) transition to the yrast TSD1 band,using a simple expression for the dipole transition operator, the overall agreement with the existent data was poor. This is also one serious reason for which we chose (πh 9/2 , 3, 0) as a basic configuration for TSD4. To the bands mentioned above, we shall assign the states (I, πi 13/2 , 0, 0), (I, πi 13/2 , 1, 0), (I, πi 13/2 , 2, 0), (I, πh 9/2 , 3, 0), respectively. The energies from (3.37) depend on two parameters, namely I 0 and the scaling factor s(= V I 0 ). These were fixed by the least mean square procedure, fitting the mentioned data with our calculated energies for a fixed γ. The quadrupole nuclear deformation was taken equal to 0.38 [28] . Then we varied γ and kept the value γ m = 17 0 to which a minimal root mean square for the deviations of the calculated and experimental energies is obtained.
Thus, one obtained the values: 1/I 0 = 0.0100917 −2 MeV , and s = 6.1937535 2 . The moments of inertia dependence on the dynamical variable gamma is represented in Fig.16 .
Therein the rigid value γ 0 = 17 0 is also mentioned. Using these parameters, we calculated In order to see the effect of the coupling terms on the oscillator frequencies ω 1 and ω 2 , in The poles have the energy ω 1 and ω 2 with ω 1 < ω 2 .. The energies Ω 1 and Ω 2 are obtained by intersecting the curve f (Ω) with the parallel line to the abscissa axis, of ordinate 1. The first intersection provides Ω 1 while the second one, Ω 2 . We see that the coupling diminishes and Ω 2 . The frequencies for the uncoupled oscillators are just the poles of f (Ω).
E.m. transition probabilities
The operators used for the E2 and M1 transitions are:
The relative sign of the two terms involved in the expression of the E2 transition operator is compatible with the structure of the moments of inertia J rig as well as with that of the single particle potential given by Eq. (3.1). Z and R 0 denote the nuclear charge and radius respectively, while e ef f is the effective charge, which for 163 Lu, is taken equal to 1.3.
Standard notations are used for the nuclear magneton (µ N ),the gyromagnetic factors of the rigid rotor (G R = Z/A) and single particle characterizing the orbital angular momentum (g l ) and the spin (g s ), respectively. The angular momenta involved in Eq(3.38) are defined in the intrinsic frame of reference and transformed to the laboratory frame by means of the rotation matrices D 
Here |IMK is the normalized Wigner function, 
with |0 I standing for the vacuum state for the boson operators a and b. In our formalism, the states of the TSD1 band are described by the function (3.40) considered in the minimum point of the classical energy function:
Concerning the excited bands TSD2, TSD3, TSD4, they are described by the wobbling excited states:
for n w = 1, 2, 3 respectively. The phonon operator Γ The reduced E2 and M1 transition probabilities have the expressions: [47] . Data labeled by a) are from Ref. [64] .
B(E2; I
Note that the reduced matrix elements are defined according to the Rose convention [67] :
The reduced matrix elements for the electric and magnetic transition operators have the analytical expressions given in Appendix D. They are also used for calculating the mixing ratio for the E2 and M1 transitions from the TSD2 to TSD1 bands, defined as [29, 69] :
The matrix element for the E2 transition is taken in units of e · f m 2 , while that for the M1 transition in e · f m. The transition energy is denoted by E if and is taken in MeV . We also calculated the transition quadrupole moments, according to the definition [68] :
It turns out that Q I varies only slightly with K. In our calculations we considered K=1/2.
Results are collected in Tables II and III, where for comparison the available experimental data are also listed. We note that the present results agree quite well with the data. Table II indicates a large value for the transition quadrupole moment which in fact is consistent with the large nuclear deformation of 163 Lu. A large transition quadrupole moment in the band
TSD1 of
163 Lu was also pointed out in Refs. [47, 63, 66] . The calculated matrix elements involve an effective charge e ef f = 1.3. In addition, for the inter-band transition matrix elements a common quenching factor F q was necessary. This accounts for the contribution of the multi boson (a and b) states to the ∆I = 1 transitions. Indeed, by including the many boson components into the wave function, the norm decreases. The need of introducing a quenching factor is consistent with the fact that that collective states with low energy show strong inter-band transitions.The factor F q was chosen so that an overall agreement for the inter-band transitions is obtained. Thus, the adopted value is F q = 0.1144 for all transitions listed in Table III It is worth noting that the excited bands TSD2, TSD3 and TSD4 are formed of wobbling multi-phonon states built with the operator Γ † 1 . We recall, however, the fact that there are two phonons which correspond to the precession of the two angular momenta I and j, respectively. This suggests that, in principle, some other TSD bands may be defined by activating the phonon operator Γ † 2 with the wobbling frequency Ω 2 . Relevant data on this line would encourage us to pursue this project.
As mentioned before the band TSD4 is considered to have an wobbling nature and that agrees with the calculations from Ref. [53] . This picture requires, however, a further improvement in order to have an agreement with the predictions of Ref. [51] . Indeed, in the quoted reference one claims that the band TSD4 is of different nature as compared with TSD2,3 bands. This conclusion is based on the results for the dynamic moment of inertia as well as on the spin alignment. Indeed, for the first two excited bands the dynamic moment of inertia exhibits a bump which reflects the spin alignment of the core particles, while in the case of TSD4 this bump is missing. On the other hand the alignment for TSD4 is by 3 larger than in the other cases. Based on microscopic calculations with ultimate cranking, it was concluded that TSD4 is determined by a three quasiparticle configuration. The observed large E1 transition connecting TSD4 and TSD1 could be however explained only by allowing an admixture of the mentioned configuration with an octupole vibration. The TSD potential exhibits two wells, one for the normal deformed bands and one for triaxial superdeformed bands. The barrier separating the two wells is quite consistent such that there is no transition between the TSD and the normal deformed bands. The band TSD4 belongs to the TSD well and therefore the coexistence of a three quasiparticle band and three TSD bands of wobbling nature suggests that in fact TSD4 has properties of both three quasiparticle and wobbling nature. Details about the extension of the present formalism as to be able to describe the E1 transitions to the yrast TSD1 will be presented in a forthcoming publication. Here wee just mention that including an octupole term in the dipole transition operator the transition from the TSD4 to the yrast TSD1 is possible.
Indeed, let us consider the dipole operator:
Obviously, the matrix elements of this operator between a I state from the TSD4 band and a I ± 1 state from the TSD1 band is nonvanishing. Moreover, the overlap of the three phonon component of the initial state and the Hartree-Fock boson states involved in the chosen TSD1 band is also nonvanishing. This is proved in Appendix E, where the mentioned overlap is analytically given.
IV. CONCLUSIONS
In the previous sections we presented a semi-classical formalism to describe the wobbling motion in even-even and even-odd nuclei. In both cases one uses a time dependent variational principle in connection with a rotor and a particle-rotor system, respectively.
In this way the quantum mechanical eigenvalue problem is transformed into a system of classical equations in a phase space. Harmonic solutions are further quantized which results in getting a compact formula for the wobbling motion. Results corresponding to the three pictures, quantal, classical and re-quantal, are in detail compared for the even-even case. An excellent agreement with each other shows up for the yrast and the next two excited bands.
The requantized equations leads to the Bargmann representation of the triaxial rotor which provides a compact expression for the wobbling frequency. Application to 158 Er, indicates a quite good agreement with the available data for both energies and B(E2) values.
Since in the even-odd case one deals with two angular momenta, the total (I) and the individual (j) ones, one ends up with two wobbling frequencies. The lowest one is used to calculate the energies in the bands T SD1, T SD2, T SD3 and T SD4, the intra-band and inter-band E2 and M1 reduced transition probabilities for T SD2 and T SD1. The agreement with available data is also impressively good.
The variational state is a state of good angular momentum, but a mixture of components with different K quantum number. This assures that states of different angular momenta are orthogonal and moreover provides a prerequisite of the wobbling motion where the projection of angular momentum on the axis OZ fluctuates around a static value. Also, despite the fact the trial function suggests that the quantization axis is OZ, the classical angular momentum is oriented along the OX axis. This is reflected in the structure of the trial function for the core system, its amplitudes being picked on the K = 0 component, which agrees with the behavior of the exact eigenfunction as indicated by Fig.1 . This feature makes the present formalism to be at par with the cranking models where this orientation for the angular momentum is obtained by the cranking constraint. However, for an even-odd system, the mechanism of coupling the core and odd particle angular momenta in the two pictures are different [52] . Indeed, within the cranking formalism the core angular momentum is always oriented along the principal axis with the largest moment of inertia and the odd particle may rotate around an axis which do not coincide with the above mentioned axis. On the other hand within the wobbling regime the core angular momentum can tilt apart from the axis with the largest moment of inertia, while the odd particle always rotates around the mentioned axis. As discussed in Ref. [36] the wobbling of the core angular momentum is taken into account not in the mean field level, that is, the cranking model in a narrow sense, but in the RPA level in the cranking approach. Similar feature is met in the present formalism where in Eq. (3.37), H min does not account for the core angular momentum wobbling, while at the RPA level the effect of wobbling motion shows up.
In the even-odd case there are two distinct phonon frequencies, both of them being involved in the zero point motion of the odd system which determines the yrast energies, i.e. the TSD1 band. However, the excited bands are determined by the contribution of the Ω 1 phonon and the zero point energy due to both wobbling frequencies. We may ask ourself whether the Ω 2 multiphonon states or a combination of the two phonons, Ω 1 and Ω 2 , generate additional TSD bands.
It is worth mentioning that in both even-even and even-odd cases, the wobbling frequency is vanishing when two moments of inertia are equal. Therefore, one could assert that the wobbling motion is a signature of the triaxiality. However, the low value of the wobbling frequency indicates a γ-soft regime. The behavior of Ω 1 as function of angular momentum reflects the softness vs rigidity competition.
The wobbling motion in 163 Lu has been also treated by several authors [34, 48-50, 53, 54, 58, 70, 71] by using different methods. Our results are consistent with those of the quoted references.
Finally, we conclude that the present formalism seems to be an efficient tool to describe quantitatively the wobbling motion in even-even and even-odd nuclei. Application of the formalism to other nuclei, from different area of nuclear chart, will be the objective of a forthcoming paper.
V. APPENDIX A
Here we give the analytical expressions for the matrix elements A ij and B ij .
The wobbling phonon amplitudes can be analytically obtained by solving the random phase approximation (RPA)-like equations. The result is as follows: 
where N I ′ stands for the first order expanded state I ′ . The wave function amplitudes were denoted by:
The matrix elements corresponding to n w = 1 and n ′ w = 0 were calculated by expanding in the first order the functionΨ around the minimum point of the classical energy function.
Indeed this is the leading term in the overlap matrix element of one phonon state and a state from the TSD1 band, and has the form:
The other overlaps can be easily calculated with the result:
F 00 = F 11 = F 22 = 1,
The quenching factor Indeed, one can easily prove that:
The excited states of the two vacuua are: The factor depending on the momentum r ′ is expanded up to the second order, while the one depending on the coordinate φ ′ is treated without any approximation. The resulting expression is first symmetrized and then quantized by the replacement: 
